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Abstract
This paper is devoted to investigate a problem related to some Green func-
tions found by Guimar~aes and Linet in the manifold of a straight cosmic string
when they are continued in the Rindler space. On a more technical ground,
this paper concerns the general question whether or not two-point functions
dene a quantum state necessarily when they satisfy usually requested an-
alytic properties, canonical commutation rules and have Hadamard‘s short-
distance behavior. It is explicitly proven, by the discussed example, that the
further requirement of positivity of the functional dening the state is not a
consequence of the these properties and thus the answer to the question above
Electronic address: moretti@science.unitn.it
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is negative in general.
It is proven that some scalar massless charged Green functions, found by
Guimar~aes and Linet in the manifold around a straight cosmic string con-
taining a magnetic flux, can be continued analytically in the Rindler space.
These analytically continued functions seem to be related to grand-canonical-
ensemble states of a massless scalar charged eld in the Rindler wedge. Indeed,
they satisfy customary requirements of thermal quantum eld theory for every
value of the chemical potential . Moreover, their short-distance behavior is
Hadamard’s one and this allows one to proceed with the stress tensor renor-
malization procedure by the point-splitting approach. Such stress tensor is
computed and some comments are reported on its gravitational stability.
It is noticed that the constraint  = 0 arises by requiring the deniteness of
the considered two-point functions on the Rindler event horizon, anyhow this
requirement is not necessary if one connes quantum eld theory inside the
Rindler wedge. Nevertheless, on a physical ground, one may expect that these
two-point functions should not dene quantum states a priori for  6= 0, be-
cause relativistic massless particles require  = 0 generally. This requirement
arises from the denition of partition function in a nite spatial volume in the
Minkowski spacetime. Actually, the considered situation is more complicated
because the background is not the Minkowski spacetime, the volume of the
spatial section of the Rindler wedge is not nite, the metric is not ultrastatic,
there are horizon divergences, and no partition function can be directly de-
ned.
The solution of the problem is that the continued functions does not dene
positive-dened functionals on the algebra of 3-smeared observables, thus no
GNS procedure can be implemented and no Hilbert-Fock representation can
be built upon these two-point functions.
The found result is an example where KMS conditions and Hadamard’s be-
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havior of Wightman functions do not involve automatically the existence of a
quantum state and a Hilbert space where one may represent the theory.
Finally, some comments are reporteded on the massive case where our nega-
tive result could remain.




This paper is devoted to investigate a problem related to some Green functions found
by Guimar~aes and Linet [1] in the manifold of a straight magnetic cosmic string; and more
generally, investigate the possibility of the existence of grand-canonical-ensemble quantum
states for a massless scalar eld propagating in the Rindler wedge.
On a more technical ground, this paper concerns a general problem: whether or not two-point
functions dene a quantum state necessarily when they satisfy usually requested analytic
properties, canonical commutation rules and have Hadamard’s short-distance behavior. We
shall see explicitly that the further requirement of positivity of the functional dening the
state is not a consequence of the these properties and thus the answer to the question above
is negative in general.
A part of the current literature in quantum eld theory in curved spacetime deals with
Green functions rather than explicitly positive functionals on  algebras. In fact, the former
approach is much more useful than the letter. Anyhow, this work should stress, by a concrete
example, that there is no guarantee, in general, that two-point functions correspond to a
true quantum eld theory (which may be represented in a Hilbert space) also when they
satisfy customary requested properties.
Guimar~aes-Linet’s Green functions are dened, in a straight string spacetime, in the
presence of a magnetic flux inside the string singularity. We shall see that one may continue
these Green functions (as well as the magnetic flux) analytically into imaginary values,
obtaining a set of two-point functions dened in Rindler’s spacetime. These continued two-
point functions seem to be related to a grand-canonical quantum state of charged massless
scalar particles in the Rindler space for every real value of the chemical potential . In
particular, they satisfy several conditions usually considered necessary in order to implement
a quantum eld theory, and their short-distance behavior is Hdamard’s one.
On the other hand, we could also expect that this result cannot be consistent on a physical
ground. Indeed, considering thermal quantum eld theory in a spatially nite region of an
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ultrastatic manifold, it is well-known that the chemical potential of a relativistic bosonic
grand-canonical ensemble of free particles has to satisfy (posing jej = 1 the value of the
elementary charge)
−E0    E0 (1)
where E0 is the smallest eigenvalue of the second-quantization free Hamiltonian operator.
This result is a trivial consequence of the denition of the grand-canonical partition function.
In a nite box in Minkowski space, E0 = 0 is a direct consequence of the vanishing mass of
the bosons.
E0 = 0 holds also in Rindler’s spacetime and thus it seems that the only physically possible
value for  could be  = 0. Anyhow, in the presently considered situation (Rindler space),
the background is not ultrastatic and its spatial sections are not nite, and no partition
function can be dened directly. The framework we are dealing with is more complicated
than the usual trivial thermal box in a flat space and thus, a priori, it is not so obvious
whether the requirement  = 0 is actually necessary or not. Similarly, we cannot discard
the intriguing possibility that the Rindler-continued Wightman functions dene quantum
states which are not grand-canonical quantum states (and thus the imaginary continuation
of the magnetic flux does not dene any chemical potential).
Exploring these topics, we shall see that the solution of the problem is that our Wightman
functions are not positive dened if  6= 0 and thus, dealing with these Rindler-continued
two-point functions, one cannot implement GNS constructions to dene a Hilbert-Fock space
where one may represent a quantum eld theory in the case  6= 0. (Anyhow, we shall that
the result  = 0 can be obtained also requiring the deniteness of the two-point functions
on the event horizon.)
This result proves that constraints on possible values of  are related to requirements on the
positivity of the algebraic state, in a curved space with a innite spatial section in particular.
Similarly it proves that, in general, no relation exists between KMS conditions, canonical
commutation rules, Hadamard’s behavior, which are proven to hold true for certain two-
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point functions, and existence of any quantum eld theory where one may give a quantum
interpretation of these two-point functions as expectation values of eld operator products.
The lack of such a relation is an important point which should be stressed and investigated
in deep.
This work is organized as follows.
In the next section, we shall perform the analytic continuation of the cosmic string Green
functions, check some identities related to grand canonical ensemble quantum states, canon-
ical commutation rules and consider the short-distance behavior of these two-point functions
as well as their deniteness on the event horizon.
The following two sections are respectively devoted to present the point-splitting renor-
malized stress tensor related to the found two-point functions and discuss the gravitational
stability, and prove that it is not possible to build any Hilbert-Fock representation upon
these continued two-point functions.
In the nal section we shall summarize the obtained results. Some remarks are also
reported on the massive case.
II. GRAND-CANONICAL WIGHTMAN FUNCTIONS IN THE RINDLER
WEDGE
A. General background and Guimar~aes-Linet’s Green functions
In principle, from opportune time-periodic Euclidean Rindler Green functions, one may
get either thermal Wightman functions (as well as the Feynman propagator) in the Rindler
space [2] or nonthermal Wightman functions (as well as the Feynman propagators) around a
straight cosmic string, for   2 at least (see [3] where generalizations to the case  > 2
are also studied). This may be done by employing two dierent imaginary-time analytic
continuations.
We remind the reader that the (time periodic) Euclidean Rindler metric reads:
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ds2 = gabdx
adxb = 2d2 + d2 + dy2 + dz2 = 2d2 + d2 + dx2?: (2)
The metric above is written in the natural global coordinate frame ; ; y; z on the dierential
Riemannian manifold C R2 where:
  0;
0     identied with 0;
x?  (y; z) 2 R
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C is a cone of angular decit 2 − .
The manifold contains metrical singularities at  = 0 for  6= 2. In that case the tangent
spaces and the metric on these points do not exist. For  = 2, the manifold is regular
everywhere.
Looking for Lorentzian sections, one may interpret  as the imaginary Lorentzian Rindler
time and thus one may go back in the Lorentzian Rindler manifold performing an analytic
continuation of our coordinates (as well as the metric) as  ! −i .
As is well-known, the Lorentzian Rindler metric is the metric seen by uniformly accelerated
observers in the Minkowski space. These observers run along 4-trajectories ; y; z = con-
stants, in a static globally hyperbolic open submanifold of Minkowski space called (right)
Rindler wedge. The relation between flat Minkowski coordinates t; x; y; z and Rindler coor-
dinates ; ; y; z reads
t =  sinh ;
x =  cosh ;
where  > 0 and  2 R. The right Rindler wedge is then dened as the open Minkowski
submanifold x > jtj, bounded by a bifurcate Killing horizon t = x. The natural time
coordinate emploied by accelerated observers is  . Inside the right Rindler wedge, the boost
@ is a time-like Killing vector. It becomes a null-like vector on the event horizon. The
surfaces at  = constant dene Cauchy surface for the right Rindler wedge. The presence
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of Cauchy surfaces enables one to built up a standard quantum eld theory inside the right
Rindler wedge. The quantum eld theory of accelerated observers is referred to the Killing
vector @ as far as the decomposition (of a wavefunction) in positive and negative frequence
components is concerned. Moreover, because of the staticity of the Rindler space, one can
dene quantum thermal states with respect to @ . In particular, the Euclidean period 
of the Euclidean manifold considered above denes the temperature T = 1= of the eld
quantum state for accelerated observers.
Dierently, one may perform the continuation z ! −it obtaining the metric of the
Lorentzian section of a cosmic string spacetime with time t. This manifold is not globally
hyperbolic and thus quantum eld theory requires a certain care dealing with the singularity
along the string [4]. On a physical ground, the constant  is now connected to the linear
mass density of the string  = (2 − )=8G.
For the value U = 2, corresponding to the well-known Fulling-Unruh temperature
in the Rindler space (see [5] for a complete review), the conical singularities at  = 0 in
the Euclidean Rindler space and the Lorentzian string disappear. For the same value of
, Minkowski vacuum two-point functions and ( = 2)-Rindler two-point functions coin-
cide. The (local) coincidence of the corresponding quantum states was stated by Bisognano-
Wichmann and Sewell’s theorems. A vast literature exists on these topics (see [5{7] and
[8] for a recent review) also related to the physics of accelerated detectors [5], [9]. In other
contexts, the metric (2) it is also interesting because it is a well-tried approximation of the
Euclidean metric near the event horizon of an eternal Schwarzschild black-hole. In this case,
the particular value U is related to Hawking’s temperature of the black hole [5].
Let us consider the Euclidean Green functions found by Guimar~aes and Linet in [1].
These are Euclidean Green functions of a charged scalar massless eld propagating around
a straight cosmic string carrying a magnetic flux.
Actually, in [1], also the massive case was studied. However, we shall consider the massless
case only, because we want to perform some analytic continuations explicitly and this is
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possible in the massless case only.
Employing notations (2) for the Euclidean Rindler metric and posing, from now on, x 
(; ; x?), Guimar~aes-Linet’s Green functions are represented by the smooth (C
1) functions
dened in (C R2)  (C R2) away from the tip of the cone, namely, ; 0 > 0. These
functions are also discontinuous on the submanifold  − 0 = 0 (identied with ).
D(x; x
























Above,  2 R represents the magnetic flux inside the string, γ is the fractional part of
e=2 (h = c = 1) and  = (; 0; y; y0; z; z0) is dened through
20 cosh = 2 + 02 + (y − y0)2 + (z − z0)2 where   0: (4)
These Euclidean Green functions satisfy Green’s distributional identity, e.g., by working on
C1(C  R2) compact support test functions (with some further boundary condition on
the tip of the cone and on the submanifold  − 0 = 0 not very important here). We have
formally
xDγ(x; x
0) = −g−1=2(x)(x; x0); (5)
g is referred to the metric in (2). The considered Green function fulll the following boundary
conditions
Dγ(;X;X
0) = e2iγDγ(0; X;X
0); (6)
(@Dγ) (;X;X
0) = e2niγ (@Dγ) (0; X;X
0) (7)
where, from now on, X  (; x?)  (; y; z).
Actually, these Green functions can be continued into smooth multivalued functions dened
on (CR2)(CR2) away from the tip of the cone. Then, conditions (6) and (7) become
the quasiperiodic condition
Dγ( − 
0 + n;X;X 0) = e2niγDγ( − 
0; X;X 0): (8)
In the following, we shall interpret Guimar~aes-Linet Green functions as multivalued func-
tions.
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B. Analytic continuations, KMS conditions and all that
In order to pass from the quantum eld theory around the string to the theory in the
Rindler wedge, we shall deal with as follows.
First, let us consider the analytic continuation of the string Green functions into complex
values of the magnetic-flux fractional part. In fact, for every choice of the coordinates x and
x0 (away from the tip of the cone), the function in (3) can be continued into an analytic
function of γ in the whole γ complex plane. In particular, we are interested in evaluating
these functions on the imaginary axis. This means that we shall consider the expression (3)
with γ ! i=2. Fixing  and , we shall indicate the corresponding continued function
by Di=2(x; x
0).
Then, to make contact with the Rindler wedge, we shall consider analytic continuations also
in the Rindler time  ! −i .
We aim to check whether or not it is possible to nd out a quantum eld theory interpre-
tation of Guimar~aes-Linet’s Green functions continued in the Rindler space. In particular,
for reasons which will be clearer shortly, we are looking for a grand-canonical-ensemble in-
terpretation of the continued two-point functions.
Because of technical reasons, more generally, we shall consider also the complex conjugate
functions Di=2(x; x
0), where the conjugation takes place after the analytic continuation of
γ (this function satises properties very similar to those reported above). In particular, we
shall consider linear combinations of Di=2(x; x
0) and Di=2(x; x
0). In fact, we shall deal
with the following set of possible Schwinger functions of quantum eld theory in Rindler’s
wedge (we shall employ the terminology used in [2,10] throughout this paper) labeled by
two (generally complex) parameters p and q
Spq (x; x
0) = pDi=2(x; x
0) + qDi=2(x; x
0): (9)
Following the approach used in [2], we aim to nd possible values of p and q such that
the corresponding Rindler Schwinger functions dene proper Euclidean Green functions (in
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the proper sense (5)), can be continued into a complex-time master function [2] with the cor-
rect analytic structure including grand-canonical KMS conditions and determine the correct
bosonic quantum commutation rules of the Wightman functions. We remind the reader that
Wightman functions are Lorentzian two-point functions which are usual bi-solutions (actu-
ally distributions) of Lorentzian eld equations obtained by evaluating the master function
on the (Rindler) real time.
Moreover, we shall impose further constraints on p and q in order to take account of some
symmetry properties of the quantum state related to the found two-point functions [2].
We shall see that all these constraints determine only one couple of values p; q.
In the next sections, dierently from [2], we shall also consider the Hadamard behavior
[11,12] of the found Wightman functions inside Rindler’s wedge for  <   2 and we
discuss their possible deniteness on the event horizon.
Let us start with our analysis by remarking that the Green identity (5) holds true also
for the magnetic-flux continued functions as well as for complex conjugate ones. This can
be checked by using these functions as integral kernels on compact-support smeared test
functions as f(x) = h(x) and performing the analytic continuation of the magnetic flux in
the nal integral.
Then, we notice that the quasiperiodic condition (8)
Di=2( − 
0 + n;X;X 0) = e−nDi=2( − 
0; X;X 0); (10)
can be interpreted as grand-canonical KMS conditions of Rindler (two-point) Schwinger
functions [2,13]. In this view, the parameter  represents the inverse temperature of the
state and the parameter  the chemical potential. This is a rst clue to grand-canonical-
ensemble theory in the Rindler space represented by our two-point functions.
Generally speaking, the grand-canonical KMS conditions are similar to those for the canon-
ical ensemble [2] and can be trivially proven in the case of a eld in a nite box. This
may be done by considering the thermalized Wightman functions obtained by tracing the
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product of the eld operators and the statistical operator dening the state and normal-
izing the trace dividing by the partition function. The KMS relations arise making use of
the cyclic property of the trace taking account of trivial commutation rules between the
conserved charge and the eld operators. Then, one can generalize these conditions to the
Schwinger two-point function and the complete master function by analytic continuation
of the (Rindler) time coordinate into complex values. These conditions for the Schwinger
function are just expressed as
S( − 0 + n;X;X 0) = e−nS( − 0; X;X 0); (11)
Dealing with thermal quantum states of a eld in a general background, these condition
as well as the whole analytic structure of the complex time continued Wightman functions
are supposed to hold also when the partition function cannot be directly dened as in the
presently considered case (see [2] for a general discussion and references).
If we require that both Green’s identity and Schwinger function KMS conditions (11) remain
satised for Spq (x; x
0), we nd that the further constraint p+ q = 1 must hold true.
Then, one can simply prove that, away from the tip of the cone and not depending on the
values of p and q, these functions can be analytically continued into values of the complex
time dening a (p; q)-parametrized master function Gpq (z;X;X
0), where z = − 0+i(−0).
For p; q (such that p + q = 1) and X;X 0 xed, this complex-valued function is analytic
everywhere in the complex Rindler-time plane except for an innite series of poles. There is
a rst couple of poles on the (Lorentzian) real time axis corresponding to light-like related





2( −  0)

= 0 namely  = j −  0j:
Because of the imaginary-Rindler-time periodicity of the denominator in (3), a further in-
nite series of couple of poles arise by adding imaginary parts in, n = 1;2; ::: to the
time coordinate of the rst couple of poles.
Then we nd the grand-canonical KMS condition in terms of the master function
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Gpq (z + in;X;X
0) = e−nGpq (z;X;X
0): (12)
This condition and the pole structure obtained above dene just the analytic structure
required for a grand-canonical master function of a thermal state [2]. Such an analytic
structure is exactly the same which one may nd in a nite-box theory.
The two-point Wightman functions Dpq( − 
0; X;X 0) can be obtained by evaluating the
master function on the real Rindler time [2] − 0 ! −i( −  0  i),   0. The parameter
 denotes either the way to reach the real axis in a functional interpretation or the usual
 prescription in a 3 or 4-smeared distributional interpretation. One can prove, by direct
calculation, that these two-point functions are bi-solutions of the Lorentzian eld equations
for every value of . (This is not the case for the more general  prescription emploied in
[11]. In our case we take advantage of the existence of an Euclidean continuation of the
theory as suggested in [2]. Because our Wightman functions are solution of the Lorentzian
motion equations, the equivalence between the 3-smeared (canonical) formalism and the
4-smeared formalism is a trivial consequence of some Green’s identities discussed in [11].
Such an equivalence is actually more hard to prove in the general case treated in [11]. See
[11] for a general and detailed discussion.)
Formally, these functions are interpreted as representing eld operator products which are
thermally averaged < ^(x)^y(x0) > and< ^
y(x0)^(x) >. Anyhow, such an interpretation
requires a certain care to deal with [2].




The p; q-parametrized Schwinger function (9) arises by evaluating the master function on
the imaginary Rindler time.
Canonical quantization requires that the Wightman functions satisfy bosonic commuta-
tion rules. In formulae, employing a distributional interpretation, it must hold
Dpq+( − 
0; X;X 0)−Dpq−( − 
0; X;X 0) = E(x; x0) (13)
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E(x; x0) is the commutator, namely the advanced-minus-retarded scalar fundamental solu-
tion in the Rindler space or Minkowki space (we remind the reader that this distribution
does not depend on the considered state). It reads (x  (;X))
E(x; x0) = −
i
40
sign( −  0) (cosh− cosh( −  0)): (14)
A direct check proves that our Wightman functions satisfy the identity above for every value
of p and q when p+ q = 1.
Let us consider further constraints on p and q due to symmetry properties of the quan-
tum state. Hence, we suppose heuristically that the obtained Wightman functions really
arise from a quantum state represented by any normalized trace-class statistical operator
Z−1 e
−(H^−Q^) which, actually, does not exist
Dpq+( − 
















−(H^−Q^), is the partition function. The formal invariance of the statistical
operator under the action of the time-reversal operator involves, through the cyclic property
of the trace [2],
Dpq( − 
0; X;X 0) = Dpq( − 
0; X 0; X): (17)
The symmetry of the statistical operator under the combination of charge conjugation and
chemical-potential reversal involves, through the cyclic property of the trace,
D;pq( − 
0; X;X 0) = D;−pq (
0 − ;X 0; X): (18)
In our case Z does not exists due to spatial divergences or horizon divergences [2] (this
can be proven, as in the Minkowski space, employing several approaches as the functional-
integral approach and its -function interpretation or some direct computation of the trace
used to dene the partition function), furthermore, it is not possible to interpret ^(x)(y) as
a bounded operator. Anyhow, following [2], we assume requirements (17) and (18) on the
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Wightman functions (at least in a weaker distributional sense) as corresponding to symme-
tries properties of the quantum state.
Considering our p; q-parametrized Wightman functions, identities (17) hold true trivially for
every choice of p and q also in a functional stronger sense, for every value of   0. (Consider
that, by denition of (X;X 0) (4): (X;X 0) = (X 0; X)). Conversely, simple calculations
prove that (18) holds true if, and only if, p = q = 1=2. This happens also in the stronger
functional sense for every   0.
Summarizing, we have found the Schwinger function (x  (;X)):

































where we have pointed the usual  prescription out.
The Feynman propagator can be got by the Wightman functions employing standard pro-




















(cosh− cosh( −  0)); (21)
The rst term in the right hand side has to be understood in the sense of principal value
[10].
These functions are the only ones which satisfy all requirements we have imposed. We
remark that this holds for every value of the parameter .
As a comment on the consistency of our results, we notice that, trivially, posing  = 0 in
the formulae above, we nd the well-known canonical Schwinger and Wightman functions
(e.g., see [14] and [15] and ref.s therein) and the canonical Feynman propagator. Moreover,
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we get the coincidence of the functions above with the corresponding Minkowkian ones at
 = 2 and  = 0, in particular:
S=2;=0(x; x0) =
1





where d(x; x0) is the Euclidean distance between x and x0.
C. Short-distance analysis
Let us consider the short-distance behavior of the found two-point functions. We shall
conne ourselves to the case 2   >  where an useful expansion can be found for our
Green functions.
The check on the short-distance behavior of two-point functions is an important test con-
cerning both physical interpretation and the possibility of employing several mathematical
techniques in dealing with observables of the considered quantum eld [10{12,16,17]. In gen-
eral, one considers well-behaved two-point functions those functions which have Hadamard’s
behavior for short distance between the arguments in opportune convex normal neighbor-
hood [10{12]. Roughly speaking, this means that the singularity arising in the case of
coincidence of arguments is the Minkowskian one modulo smooth functions. We want to
investigate the short-distance behavior of our two-point functions.
There are dierent denitions concerning the Lorentzian Hadamard behavior (see [11]
for comments and references) due to several problems and dierent solutions involved in the
presence of the indenite Lorentzian distance. However, because the manifold we are consid-
ering is static and admits Euclidean sections, by continuing the time coordinate analytically
we shall consider the Euclidean short-distance behavior almost only. This avoids problems
involved in considering light-like related arguments (corresponding Lorentzian denitions
and procedures related to the Hadamard behavior are given in [11,12].). For  > , a useful














 (u;  − 
0) du
jx? − x0?j
2 + 2 + 02 + 20 coshu
(23)
where d(x; x0) is the Euclidean distance between x and x0 and the function F
(γ)




 (u; ) = i
ei2γ(+)= cosh[2u(1− γ)=]− e−i2(1−γ)(+)= cosh(2uγ=)
cosh(2u=)− cos[2( + )=]
− i
ei2γ(−)= cosh[2u(1− γ)=]− e−i2(1−γ)(−)= cosh(2uγ=)
cosh(2u=)− cos[2( − )=]
: (24)
Relation (23) holds away from the tip of the cone (; 0 > 0) and for j − 0j <  − . That
last constraint holds in a opportune convex normal neighborhood of x. This can be trivially
proven by passing in the usual flat coordinates which can be dened (not globally!) on our
manifold.
The integrand function of the expansion in (23) decreases exponentially in u for all consid-
ered xed values of the variables x and x0 and does not have singularities for u 2 [0;+1).
One can prove that the integral is a smooth function of the variables ; 0; ; 0; x?; x
0
? taken
inside the Rindler wedge (; 0 > 0) also in the case of coincidence of the arguments.
Sketch of a proof
Considering n-order x (x0) derivatives at x0 of the integrand function, it is possible to
prove, by a direct check, that these functions are a sum of integrable functions which are
bounded absolutely by integrable functions uniformly (in x) in a neighborhood of x0. These
bound functions are of the form Aue−(2γ=−1)u and Bue−[1−2(γ−1)=]u. A;B; ;  are pos-
itive numbers which depend on the variable and the order of derivative performed, and




This means that, essentially because of Lebesgue’s dominate convergence theorem, the inte-
gral in the right hand side of (23) is smooth (C1) in x and x0 because one can interchange
the derivative operators with the integration symbol. This proves that the expansion in the
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right hand side of (23) is the Euclidean Hadamard one [10,12] of the considered two-point
function.
Two comments on the found Euclidean Hadamard expansion are in order. Notice that
(see [10]) the van Vleck-Morette determinant is just 1 because the space is flat (not globally)
and, furthermore, no logarithm term appears because of the vanishing mass of the particles.
Actually, the Hadamard expansion obtained above holds true also considering complex
values of γ in the strip −=2 < Reγ < 1 + =2.
Sketch of a proof
First, we notice that the integrand function in the right hand side of (23) remains u
integrable with its x, x0, Reγ, Imγ derivatives also continuing these functions into a γ-
analytic functions dened in a strip −=2 < Reγ < 1 + =2. Again, one can check
directly that these functions are absolutely bounded and locally uniformly bounded (as in
the previously considered case) by integrable functions of the form Aue−(2Reγ=−1)u and
Bue−[1−2(Reγ−1)=]u. A;B; ;  are positive numbers. Thus one can interchange derivative
operators with the integration symbol and thus the integrated function results to be smooth
in every variable (including Reγ and Imγ). We shall denote this integrated function by
I(x; x0; γ). In this way, one can also check the Cauchy-Riemann identities in the variable
γ, for I(x; x0; γ) inside the strip considered above. Indeed Cauchy-Riemann identities arise
trivially from the same identities which are satised by the integrand function. For every
values of x and x0 including x = x0, γ 7! I(x; x0; γ) dene an analytic function in the strip
−=2 < Reγ < 1 + =2. Moreover, xing γ in the strip considered, (x; x0) 7! I(x; x0; γ)
is a smooth function of x and x0, in particular, for x = x0.
Let us consider the left hand side of (23) for x 6= x0 xed, this function of γ can be contin-
ued into an analytic function in the considered strip, too. The two analytic functions of γ
obtained by continuing the sides of (23), when x 6= x0, coincide on the real part of the strip
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−=2 < Reγ < 1 + =2, then they must coincide everywhere in that strip. We have got
that (23) holds true also for complex values of γ in the whole strip −=2 < Reγ < 1+=2
for every couple (x; x0) such that x 6= x0. Anyhow, xing any value of γ in the considered
strip, the right hand side of (23) I(x; x0; γ) denes a smooth function also for x = x0. Such
a result must hold true for the left hand side of complex-continued (23), too.
This proves that the Hadamard expansion holds also for the γ continued Green function.
We can consider the linear combination of Dγ and D

γ when γ = i=2 obtaining the
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 (u; ) (27)
S(x; x0) is a smooth function of the variables x and x0 also in the case of their coincidence,
and thus (25) is the Hadamard expansion of the Schwinger function S(x; x0) in a convex
normal neighborhood where j − 0j <  − .
Few comments for the case the Lorentzian Hadamard behavior are in order.
We notice that expansion (25) makes sense also considering the analytic continuation −0 !
−i( − 0 i),   0. In particular, dealing with as in the previously considered cases, using
recursively Lebesgue’s dominate convergence theorem, one can prove that the integrand in
(26) and the function resulting from the integration remain smooth functions of (;X),
( 0; X 0) and  for  >   0. We can interchange the symbol of integration in u with
derivative operators in the remaining variables. We get the identity which holds everywhere
inside the right Rindler wedge (; 0 > 0) when 2   > 
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G( −  0  i;X;X 0) =
1
42dL( −  0  i;X;X 0)2











 (u;−i( − 
0  i)) du
jx? − x0?j
2 + 2 + 02 + 20 coshu
; (29)
dL( −  0; X;X 0)2 is the squared Lorentzian distance between the points (;X) and ( 0; X 0)
(in Rindler coordinate). I (x; x
0) is a smooth function of x; x0; , for every  such that
 >   0.
Considering (28) as a distributional identity, namely interpreting that in the sense of the 
prescription after one integrated the kernels above on a couple of 4-smeared test functions
with compact supports contained inside the (open!) Rindler wedge, one can discard the 
dependence in the integral posing therein  = 0.
Sketch of a proof
As noticed above, for each , (x; x0) 7! I (x; x
0) is a smooth function in x and x0 and thus
locally integrable for every  2 [0; ). Varying , one obtain a -parametrized sequence of
functions. Fixing x and x0 we get a smooth (in particular continuous) function of  for   0.
Varying , the product of the -parametrized functions with a couple of smooth compact
support functions of x and x0, H(x) and H 0(x0) respectively, gives raise to a sequence of
functions (x; x0) 7! F (x; x0; ) = I (x; x
0)H(x)H 0(x0) which converges (x; x0)-pointwise to
the (x; x0)-integrable function (x; x0) 7! F (x; x0; 0) as  ! 0 on a compact set K. Let us
dene J = [0,a]. On the compact set KJ , the function of x; x0;  (x; x0; ) 7! jF (x; x0; )j is
continuous and thus it is bounded by a positive number N . Hence, the  sequence of functions
(x; x0) 7! F (x; x0; ) is uniformly bounded in J by the integrable function (x; x0) 7! N .
Considering the sequence of (x; x0) integrals obtained by integrating on K the functions
(x; x0) 7! F (x; x0; ) and computing the limit as  ! 0, one takes advantage of Lebesgue’s
dominate convergence theorem and can interchange the symbol of integration in x and x0












g(x)g(x0) I0 (x; x
0)H(x)H 0(x0)
We can write down, in the distributional sense precised above,
D( −  0; X;X 0) =
1
42dL( −  0  i;X;X 0)2
+D(x; x0); (30)
where
D(x; x0) = I=0(x; x
0) (31)
is a smooth function for every x, x0 inside the Rindler wedge. This can be considered the
Hadamard expansion of the Wightman functions considered as distributions.
(One can notice that the obtained expression diers from that got in [11] in the general case of
an Hadamard Wightman function in a generally nonstatic spacetime. This dierence arises
from the dierent  prescription used there, which is more general than the prescription
used here because the former does not requires the imaginary time continuation of the
theory. Actually, our result agrees with the general denition given in [11]. Indeed, in a 4
or 3-smeared distributional sense one may prove that
1
42dL( −  0  i;X;X 0)2
=
1
42[dL( −  0; X;X 0)2  2i( −  0) + 2]
: (32)
Such an identity is formally obvious; anyhow we shall not give a rigorous proof here. Thus,
Eq.(28), in a distributional sense, may be written down as
D ( − 
0; X;X 0) =
1
42[dL(x; x0)2  2i( −  0) + 2]
+D(x; x0)
This is just the expression of the Lorentzian Hadamard behavior in the global time  (in
the open right Rindler wedge) [11,12]. All considerations, discussed in [11], on the choice
of proper neighborhoods where one should check the Hadamard behavior are trivial here,
because our Lorentzian manifold is a (open globally hyperbolic) submanifold of the usual
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Minkowski space which is also an open convex normal set.)
Finally, let us consider the deniteness of the considered Wightman functions on the event
horizon. We remind the reader that, in case of canonical-ensemble states, the only Rindler
state which is dened also on the event horizon and satises opportune scaling prescriptions
there [16{18] is the state at  = 2. Indeed, this state is dened in the whole manifold and
coincide with Minkowski’s vacuum. A similar fact happens concerning quantum eld theory
in Kruskal manifold: the only thermal state built up in the Schwarzschild region stationary
with respect to the Schwarzschild time coordinate which is well-behaved on the event horizon
of the black hole is the Hartle-Hawking state. Such a state is actually dened on the whole
Kruskal manifold (see also [11] for generalization considering horizon Hadamard’s behavior
of two point-functions in spacetime with bifurcate Killing horizon).
In our case, the requirement of an opportune behavior of our two-point functions on the
event horizon could select some particular value of .
Actually, it is not necessary to require some particular short-distance behavior on the event
horizon to x any value of  considering our two-point functions. It is sucient to impose
that these functions are simply dened when one of the arguments reaches the horizon.
Let us consider the Wightman functions in (20) as functions. Let us x an argument inside
Rindler’s wedge at 0 = 0; 
0 = 0; x0? = x?0 and move the other argument towards the
event horizon  = 0, e.g., following [16], along a spatial line as  = 0; x? = x?0 (this
avoids divergences in case of  = 0). The quantity  diverges during such a procedure,
but the divergence of the numerator cancels out the divergence of the denominator in (20).
Anyhow, whenever  6= 0, the term cos remains undened in the limit ! 0, and thus,
no value of the Wightman function (considered as a function properly) can be dened when
an argument stays on the horizon. Furthermore, it is not possible to check further short-
distance requirements when the second arguments gets the horizon. The only possibility to
avoid the problem could be to x  = 0. Actually, in this case, we nd the well-studied class
of canonical-ensemble Wightman functions and as well-known [16{18], further requirements
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on the scaling behavior on the horizon, x the value  = 2 (namely the Minkowski vacuum)
as the only possible one.
We stress that, despite of the obtained result, a priori, there is no necessity to x  = 0
when one connes quantum eld theory inside Rindler’s wedge. Remaining inside Rindler’s
wedge, a quantum eld theory is possible because the manifold is globally hyperbolic and
thus the question whether or not a quantum state corresponding to our grand-canonical
master function exists makes sense as well.
III. THE STRESS TENSOR AND ITS GRAVITATIONAL STABILITY
A. Point-splitting procedure
Let us consider the stress tensor related to the found grand-canonical two-point functions.
We have proven that the considered two-point function have the Hadamard short-distance
behavior, thus the point-splitting renormalized stress tensor can be computed as follows.
We shall remain in the Euclidean section of the manifold because we want to follow the
same procedure emploied in [1], anyhow, a corresponding Lorentzian procedure would give
the same result (for the general Lorentzian point-splitting procedure, in case of Hadamard’s
states, see [12]).
Let us consider the \Minkowski-subtracted" Schwinger function (x  (;X)):
Ssub.(x; x
0) = S(x; x0)− S=2;=0(x; x0) = S(x; x0): (33)
Notice that the obtained two-point function is smooth in the case of the coincidence of the
arguments, because we have just subtracted its Hadamard singularity (which coincides with
the Minkowski two-point function). The (Euclidean) point-splitting renormalized stress-
tensor arises from the limit












S(x; x0); : (34)
 xes the coupling with the gravitation and the factor 2 takes the two internal states due
to the conserved charge into account.
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The previous stress tensor depends on the coordinate  only because of the strong symmetries
of the space. Hence, the analytic continuation into the Lorentzian time does not aect the
previous tensor, which can be considered the Lorentzian renormalized one as well.
A direct computation of the previous limit following the procedure in [1], as well as the
analytic continuation of the result in [1] (considering also the complex conjugated two point
function), gives (we remind the reader that the employed metric reads g(= −g ) = 2,
g = gyy = gzz = 1):
< T ba >=
1
4
H1(; )diag (−3; 1; 1; 1) +
1
4
































In the case  = 0, we obtain the well-known result for the canonical ensemble in the Rindler
wedge or, equivalently, the zero-temperature result around a cosmic string [19].
B. Few comments on the gravitational stability
Some comments on the found stress tensor in Rindler space are in order, in particular,
concerning physical values of the parameters  and .
Let us consider the case of conformal coupling  = 1=6. In this case the stress tensor becomes
the stress tensor of a perfect fluid. We see that, in general, the weak energy condition
[5] is violated. For example, for  = 2 the energy density on spatial Rindler sections
− < T 00 >
q
jgj is negative whatever  6= 0. Anyhow, violations of energy conditions are
quite usual concerning stress tensors obtained by quantum states. This is not a reason
for the rejection of the obtained stress tensor. Another point which can be important in
selecting physical values of  is the divergence of the stress tensor as ! 0 namely on the
event horizon. This divergence cannot be eliminated by changing reference frame because
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it remains also considering the scalar < T ba >< T
a
b >. This means that the quantum state
(if it exists) is not gravitationally stable. Indeed, implementing the semiclassical approach
to quantum gravity considering the obtained stress tensor as a source of gravity, one would
nd a divergence in the metrical structure of the manifold through Einstein’s equations.
The only possible choice of  and  to avoid this problem is that which gives rise to H1 = 0
and the trivial result < T ba >= 0. The requirement H1(; ) = 0 determine a wide class of





















Taking the sign +, 2() is a real number for   2 and   1, 1  3. Taking the sign
−, 2() is a real number for   1.
In particular, in both cases, the only value of  corresponding to  = 2 is  = 0. Notice
that, xing  = 0, the grand-canonical ensemble reduces to the canonical one. In that case it
is well-known that the only Rindler canonical-ensemble state which is gravitationally stable
also on the even horizon is that for  = 2. This is nothing but the Minkowski vacuum.
As a nal remark we stress that we have considered Einstein equations of gravity only, a
more precise investigation on the gravitational stability of the stress tensor should consider
also (classical) electromagnetic elds, namely Einstein-Maxwell equations. This could be
necessary, at least for  6= 0 when the net charge of the system should be nonvanishing.
Conversely, we expect that electromagnetic eects should be negligible provided the coupling
constant between the considered bosons and the electromagnetic eld is suciently small.
In any cases we shall not consider further this problems here.
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IV. ALGEBRAIC APPROACH: PROOF OF INCONSISTENCE OF ANY
QUANTUM PICTURE
A. Is there any quantum picture for our two-point functions?
In the previous sections, we have found two-point functions and the related stress tensor
which seem to arise from a quantum theory. We have got this result for every value of the
chemical potential . The point-splitting renormalized stress tensor admits a wide class of
values of  and  also imposing the further requirement of gravitational stability in the
framework of the semiclassical approach to quantum gravity. Conversely, requirement of
deniteness on the event horizon of the Wightman functions xes  to the value 0. Anyhow,
one could study the considered two point functions without considering the theory of gravity
nor the behavior on the event horizon of the Rindler space by conning the theory inside
the Rindler wedge strictly. This is possible because Rindler’s wedge is a globally hyperbolic
spacetime. Hence, the question whether or not a quantum state represented by the found
two-point functions exists, in the Rindler wedge for  6= 0, arises naturally.
Anyhow, physical intuition suggests that our conclusion could not be correct. This is because
we expect that the only physically possible value of the chemical potential should be  = 0
in the case of a massless relativistic theory. This is obvious as far as the usually considered
Minkowskian gas in a nite box is concerned. In that case, the requirement  = 0 is a trivial
mathematical consequence of the denition of the partition function and the vanishing mass
of the particles. The requirement  = 0 can be straightforwardly generalized to a nite box
contained in a curved ultrastatic space-time. This is not the exact picture we are dealing
with in the Rindler space; the Rindler space is not ultrastatic, has spatial sections with non
nite volume and no partition function can be dened directly.
Let us prove that our Wightman functions, for  6= 0, do not dene a positive three-
smeared sesquilinear functional on the complex C1 eld-equation solutions with compact
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support on Rindler Cauchy surfaces. This result can be generalized to the minimal  algebra
of the observables built upon the eld operators (and, possibly, to the corresponding Weyl
algebra, but we shall not consider this point here) [11,12]. In this way, we nd a functional
! which transforms elements of this algebra in complex numbers, which is not positive
dened. This only fact is sucient to prove that, it is not possible to nd any quantum
eld theory which admits our two-point functions as true two-point Wightman functions, in
the algebraic approach at least. In other words, it is not possible to proceed with the GNS
theorem [11,12] to build the Hilbert space upon our two-point functions.















































Above, f and g are complex C1 solutions of the Klein-Gordon equation with compact
support on the Rindler Cauchy surface S (e.g., dened as  = 0), h = 1 is the determinant
of the induced metric on S, na = −−1a is the normalized time-oriented vector normal
to S. (The  prescription emploied in [11] is more general than that used here. In our 
prescription, because it is possible, we took explicitly advantage of the homogeneity in the
temporal coordinate and the existence of Euclidean section of the manifold as pointed out
in [2]. As previously noticed, in our  prescription, Wightman functions are bi-solutions
of the Lorentzian eld equations also for  > 0. Due to this fact, the equivalence between
3-smeared formalism and 4-smeared formalism can be proven (see [11]) in a simpler fashion
with respect to the more general proof given in [11].)
We remark that the given denitions do not depend on the choice of the particular Cauchy
surfaces [11]. (Moreover, we evaluated Cauchy data of both test functions on the same
Cauchy surface S, this is not generally possible employing the general  prescription in [11].)
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Let us suppose that a quasifree quantum state exists in the Rindler wedge such that the
found Wightman functions are the usual expectation values of eld operator products with
respect to this thermal state. This quantum state would be represented, on the minimal 
algebra of the smeared eld operators, by a functional ! normalized (!(I) = 1), positive
(!(A
A)  0) which would have to satisfy
(f; g)+ = !((f; ^)(g
; ^y)); (39)
similarly,
(f; g)− = !((f
; ^)(g; ^y)) (40)
(f; ^) and (g; ^y) = (g; ^) are the elements of the minimal  algebra of the 3-smeared
eld operators corresponding to the considered wavefunctions f and g. (The symplectic









and the bosonic commutation rules read simply
[(f; ^); (g; ^y)] = −(f; g)I) (42)
We shall prove that the left hand side of (39) is not positive denite, and thus the
functional ! dened in (39) cannot represent quantum states.
In particular, we shall prove that, for each  6= 0, there is a function f() among those
considered above, such that:
(f(); f())

+ < 0; (43)
Employing the same way, one can nd a similar function for the other Wightman function.
As we said, this proves that the corresponding Wightman function does not dene a positive
dened functional on the (minimal)  algebra of the observables.
Before we proceed with the proof, to make more evident the inconsistence of a quantum
eld theory, we report other heuristic comments.
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Let us suppose ! does dene a quantum state.
Employing the curved-spacetime version of GNS theorem [12], one may represent such a
state as a vacuum state j > and implement the standard procedure to built a Fock space
upon this vacuum state.
In this way, one may also prove the following simple identities [12]
(f; g)+ = !((f; ^)(g




(f; g)− = !((f





−f ) is the creation operator of a particle (antiparticle) corresponding to the
complex wavefunction f .
The nonpositivity of ! contradicts the identities above because it should involve negative
value of squared norms for f = g.
B. Proof
Let us proceed with our proof. Let us choose the surface  = 0 as a Cauchy surface S






















We take account of the possibility of xing canonical data on the Cauchy surface S arbi-
trarily. Then we x the complex wavefunction f such as:
@f(x)jS = F (; x?)
f(x)jS = 0:
Above, F is any compact support C1(S) function.










































We stress that, as usually, one has to perform the limit as ! 0+ in the end of calculations.
The singularities arising as  ! 0 or 0 ! 0 are harmless because the points at  (0) = 0
do not lie in the Cauchy surface S, the supports of the considered functions cannot include
points at  = 0 or 0 = 0. The only singularities arise from the coincidence limit of spatial
arguments which involves  = 0. Concerning this case, some calculations involving the



















It is obvious that, posing  = 0, the inverse of the expression above has an integrable
singularity for the measure ddx? = ddydz as (; x?) ! (0; x0?), and thus also for the
measure we are employing.
(By the way, we stress that also considering compact-Cauchy-support wavefunctions with
nonvanishing time derivatives on the Cauchy surface S, all integrations involved in evaluating
our Wightman functions on the test wavefunctions in a 3-smeared fashion give nite results.
This can be proven by an analysis of the involved singularities analogous to that performed
above. In the general case of an Hadamard state in a spacetime which is nonstatic, one has
to employ the  prescription pointed out in [11]. In that case, in general, one cannot use
only one Cauchy surface for both the smeared wavefunctions dierently from that we did
above [11].)
Then, notice that for  2 (0; a), where a > 0 is suciently small,
eF (; x?)



















































Both functions in the right hand sides are integrable in the considered measure. Then, the






















Notice that the denominator is a nonnegative function of  and x?. If we are able to nd
a nonnegative C1(S) compact support function F() which is also strictly positive on a
nonvanishing measure set K so that the numerator of the integral kernel in (47) is strictly
negative on K K, the left hand side of (47) will be strictly negative.
We can nd such a function simply in the case  6= 0. Let us start by noticing that S
is dieomorphic (and thus homeomorphic) to R3 through the map (; x?) 7! (ln ; x?). In
the following, we shall identify S with R3.
Now, suppose  6= 0, then we can nd a value  such that cos() < 0. Furthermore,
there is an open neighborhood I of the point  where the inequality cos() < 0 is ful-
lled everywhere. Let Ω be any open neighborhood in S  R3 satisfying (ΩΩ)  I.
Such a set exists because  is a continuous map and the Cartesian product of open sets
of S denes a base of the topology in S  S. As is well-known (e.g., see [20]), choosing
any open set Ω 6= ; of R3 (more generally of Rn), one can nd another open set Ω0 6= ;
and a nonnegative C1 function F() with compact support S such that Ω0  S  Ω and
F()(x) > 0 on K = Ω0. Notice also that, because of the dieomorphic relation above (with





K d(ln )dx? > 0 because this is the
Lebesgue measure of (the closure of) a nonempty R3 open set.
Summarizing, we have found a nonnegative compact-support smooth function F() which is
strictly positive on a set K with a nonvanishing measure, furthermore, the integral kernel
in (47) is strictly negative on K K. As we said, this proves our result.
QED
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We remark that our proof does not work in the case  = 0. In this case, our Wight-
man functions become the canonical-ensemble Wightman functions which are supposed to
describe a quantum eld theory correctly.
V. SUMMARY AND FINAL REMARKS
In this work, we have saw that Guimar~aes-Linet’s Green functions of a charged massless
eld, found around a cosmic string carrying a magnetic flux, can be analytically continued in
the Rindler space. The continued two-point functions satisfy canonical commutation rules
and several identities and analytic properties necessary to dene a grand-canonical quantum
state in the canonical (Hamiltonian) formalism. In this picture, the chemical potential arises
as an imaginary value of the (fractional part of) magnetic flux.
We have also studied the short distance behavior of the considered Wightman functions,
proving that, inside the Rindler wedge, this is just the Hadamard’s one and this allows one
to compute the renormalized stress tensor related to the found two-point functions by em-
ploying the point-splitting procedure outlined in [12]. We have seen that the requirement
of gravitational stability (in the framework of semiclassical quantum gravity) determines a
wide class of physically possibles values of  and . Conversely the requirement of denite-
ness of the Wightman functions (considered functions properly) on the event horizon selects
the only possible value  = 0 for the chemical potential.
Conning the theory inside the Rindler wedge strictly, we have investigated the existence of
quantum states for every value of , which really involves the found two-point functions.
In a nite box such states exist for the value  = 0 only. Anyhow, there are some dicul-
ties in attempting to extend such a result in a spacetime as Rindler’s wedge which is not
ultrastatic and has spatial sections with innite volume. Thus, it is not so obvious whether
or not this result holds for the Rindler case.
In fact, we have saw that the requirement  = 0 does hold also in the Rindler case for the
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found two-point functions at least (also in agreement with the request of deniteness on the
event horizon). Indeed, employing algebraic approaches to quantum eld theory, we have
seen that it is related to the positivity condition on the functional dening the quantum
state in the  algebra of three-smeared observables.
We may conclude that, in the case of a massless scalar eld, Guimar~aes-Linet’s Green func-
tions continued in the Rindler wedge cannot dene (grand-canonical or not) quantum states
whenever  6= 0 despite of the correct analytic structure of the master function including
the KMS conditions which are fullled and the Hadamard behavior which holds considering
short distances between arguments.
A comment for the massive case is necessary. The massive case also studied by Guimar~aes
and Linet concerning the string manifold (see also the generalization in [21,22]) is much more
hard to study through our procedure in the Rindler space. This is because of complicated
integral representations which do not permit one to perform analytic continuations directly.
However, we think that our negative result could remain also in this case. This is because
the parameter ! which describes the energy of the massive Rindler modes reaches the lowest
value ! = 0, regardless of the presence of a nite mass [6]. In this way the lower bound
of the second-quantization Hamiltonian operator should remain E0 = 0. As remarked in
the Introduction, in the naive box-approach at least, E0 = 0 involves the constraint  = 0.
Anyhow, there is no guarantee of such a negative result, because, as we saw in this paper,
the innite volume case is very subtle.
It is also worthwhile remarking that some little possibility could remain for the existence of
grand canonical states of massless elds in the Rindler wedge, but the involved two-point
functions cannot be represented by the Guimar~aes-Linet two-point functions (or any liner
combination of them) continued analytically in the Rindler wedge. Indeed, it is not so clear
whether or not all constraints one has to impose on the master function to describe grand-
canonical ensembles determine only one possible master function (namely that obtained by
continuing Guimar~aes-Linet two-point functions). This is an interesting eld for future in-
vestigations.
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To conclude, we may stress that a lesson appears from our results clearly. The positiv-
ity condition on the functional generated from two-point functions, necessary to dene a
(quasifree) quantum state, is completely independent of any further property as canonical
commutation rules, KMS conditions and short-distance Hadamard behavior.
This point should be considered and investigated in deep, also considering that a part of the
current literature deals with two-point functions instead of positive functionals on  alge-
bras because, obviously, the former approach is much more simple to use than the latter. In
general there is no guarantee that a quantum eld theory based on two-point functions, also
well-behaved, corresponds to a true quantum eld theory represented in a Hilbert space.
Conversely, some (actually unclear) relation with the behavior of the two-point functions on
possible event horizons seems to exist.
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